We study the existence and stability of discrete breathers in a chain consisting of alternating light and heavy particles, with nearest-neighbor coupling containing quartic soft or hard anharmonicity. This study is focused on breathers with frequency in the gap that separates the acoustic and optical bands of the phonon spectrum. Simple analytical and physical results obtained through explicit solutions of algebraic equations demonstrate the possibility of the existence of gap breathers with both types of symmetry, i.e., symmetric and antisymmetric. The specific pattern depends on the type of anharmonicity present, i.e., soft or hard, and whether the center of the breather is on a light or a heavy particle. These analytical results are verified systematically through the use of a numerically exact procedure from the anticontinuous limit.
I. INTRODUCTION
Intrinsic localized modes or discrete breathers ͑DBs͒ ͓1-4͔ are nonlinear collective excitations that seem to play a very important role in condensed matter physics and even possibly in biology. Interest in these modes has been intensified recently due to their experimental generation and observation in chemical compounds ͓5͔, antiferromagnets ͓6͔, coupled arrays of Josephson junctions ͓7,8͔, and myoglobin ͓9͔. The existence of DBs can affect essentially the physical properties of a system. Thus, as shown in Refs. ͓10,11͔, such localized vibrations are responsible for the nonexponential thermal relaxation in nonlinear lattices and therefore they are expected to contribute to the thermodynamical behavior of the system. Another physical problem, where DBs are involved, is the energy exchange between different parts of a large and complicated system. As shown by Chen et al. ͓12͔ , under certain conditions DBs can be mobile ͑if they are excited appropriately͒ and therefore they can become energy carriers. An important property of the discrete breathers is the so-called targeted energy transfer ͓13͔, which means that under some conditions, a very selective vibrational energy transfer between DBs from one part of the system to another one can occur. Therefore, in order to understand better the importance of DBs for physical problems, it is necessary to study their fundamental properties such as their existence and stability for systems with more sophisticated ͑realistic͒ spatial symmetry and structure.
The present paper is focused on nonlinear diatomic lattices. Its purpose and contents are motivated as follows. Being the most simple nonlinear generalization of the standard one-dimensional ͑1D͒ monoatomic lattice with an interatomic harmonic interaction, the so-called ␤ Fermi-PastaUlam ͑FPU͒ chain that includes a quartic anharmonicity is a convential theoretioncal model to describe the appearance of DBs in lattices due to discreteness and anharmonicity. As regards the symmetry of the displacements of the chain atoms from their equilibria, their profile ͑of the amplitudes of localized oscillations͒ has been shown to be either symmetric ͑Sievers-Takeno mode ͓3͔͒ or antisymmetric ͑Page mode ͓4͔͒, with frequencies of oscillations shifted above the linear ͑phonon͒ band. A resemblance between the DBs of this type and the well known impurity modes can be described by using simple analytical calculations. The main qualitative result of such an analysis is the existence of DBs in the monoatomic ␤-FPU chain under the condition that the quartic anharmonicity is hard, i.e., the fourth-order expansion coefficient ␤ in the interatomic interaction must be positive, if in addition the breather's higher harmonics do not resonate with frequencies from the band ͑a nonresonance condition ͓1͔͒.
Similarly, it would be instructive to study intrinsic localized modes in a nonlinear diatomic lattice. In this paper, we consider the simplest version of the nonlinear diatomic chain that contains only nearest-neighbor interactions with a quartic ͑soft or hard͒ anharmonicity. Correspondingly, this 1D lattice can be called a diatomic ␤-FPU chain. The linear spectrum of this lattice consists of two finite bands, outside which stable DBs are expected to exist if again the nonresonance condition is fulfilled. Here we study only the breathers with frequency inside the gap separating the acoustic and optical bands. In what follows, these nonlinear localized modes are referred to as discrete gap breathers ͑DGBs͒.
Despite a number of disseminated publications being devoted to the existence and dynamical properties of the breathers as strongly localized excitations in diatomic chains ͓14 -23͔͒, including also extended ͑moving͒ gap solitons ͓24 -33͔, the problem of their existence and stability is not yet fully solved. In this context, Ref. ͓21͔ should be mentioned, where the DBs were investigated rigorously. However, this paper is mainly focused on the interesting bifurcation behavior of the DBs with frequency above the optical band. It should be noticed here that in order to perform the continuation of a breather solution from the anticontinuous ͑AC͒ limit in a diatomic FPU lattice, it is necessary somehow to decouple the system of nonlinearly coupled oscillators. One way to accomplish this procedure is the ''freezing'' of heavy masses M ͑the mass of light particles mϭ1), taking the limit ϭM Ϫ1/2 →0 ͓19,21͔. In this case, a diatomic chain is continuously transformed into a monoatomic one. Below we develop another approach, which is based on an appropriate transformation of our realistic system to a fictitious lattice with its particles placed in situ. In other words, the equations of motion are modified to contain a continuous parameter, say (0рр1), such that in the limit →0, the lattice becomes as a system of completely decoupled nonlinear oscillators, whereas in the opposite limit →1, the equations of motion recover their realistic ͑original͒ form. Here the AC limit corresponds to →0, when the intersite coupling in the system is completely transformed into a fictitious on-site potential.
The present paper aims at systematically studying the gap breather modes with all possible symmetries for both soft and hard quartic anharmonicities. In general, from symmetry arguments for each kind of anharmonicity ͑soft or hard͒, four possible localized solutions: centered at a light or a heavy particle with symmetric ͓3͔ or antisymmetric ͓4͔ profile may be assumed to exist. The current studies in this direction have at their disposal a powerful tool such as the MacKayAubry theorem ͓34,35͔ dealing with the existence and uniqueness of DBs. The numerical implementation of this theorem has recently been developed by Marín and Aubry ͓36͔, including the linear stability analysis by studying a corresponding Floquet operator. Owing to this significant progress, it is reasonable now to simplify the available analytical results concerning the breather existence ͑including also the previous results obtained by Aoki, Takeno, and Sievers ͓14͔, Chubykalo and Kivshar ͓15͔ , and others͒ as much as possible, in order to get the DGB solutions in a form of closed expressions of archetypal simplicity. Therefore, using extensively symmetry arguments, here we develop a pedestrian approach. More precisely, in addition to the well known rotating wave approximation ͑RWA͒, we also introduce a local anharmonicity approximation ͑LAA͒, where the nonlinearity in the nearest-neighbor coupling is involved only for the central one ͑symmetric pattern͒ or two ͑antisymmetric pattern͒ particles of a breather profile, while the rest particles of the chain are assumed to oscillate with small amplitudes ͑with the harmonic approximation being applied͒. The LAA is reasonable, because the discrete breathers' dynamics are similar to those of impurity modes ͓37͔. In this way, we are able to extract simplified nonlinear algebraic equations, being at the same simple level as the standard linear theory of a diatomic lattice, and at the same time giving an insight into the existence of DGBs. Thus, from our simple analysis, one can immediately show that for each type of anharmonicity ͑soft or hard͒ only two, instead of four DGB solutions, are available and find at which ͑light or heavy͒ particle their profile can be centered.
Finally, it is very important to indicate those realistic systems, where stable DGBs could exist. In this context, networks of hydrogen ͑H͒ bonds seem to be the most appropriate systems because their dynamics are basically governed both by nonlinearity, i.e., anharmonicity of interparticle interactions and by ''diatomicity'' of hydrogen bonding, i.e., the presence of two coupled species in the lattice: heavy ions and protons. More specifically, the hydrogen bonding occurs between a proton donor group A -H and a proton acceptor group B, forming a hydrogen-bonded ͑HB͒ bridge A -H•••B ͓38͔. Long chains of these bridges, like
where XϭA or B ͓39͔, are ubiquitous in soft matter; in addition to being formed in water and ice ͓40͔, they form the basic means of creating threedimensional structures in biopolymers ͓41͔. The typical structure of the H bond between adjacent ions X ͑e.g., oxygens͒ is that of a double well. In some cases, when the typical excitation energies are much higher or the interion distance is small, e.g., due to exogenous factors such as pressure, the H bond becomes symmetric and acquires a single well. However, in spite of the structure of realistic HB complexes being too complicated, a soft anharmonicity is always present in the H bond, resulting in the well-known experimental observation of decreasing the X -H stretching frequency ͓38͔. It is thus very important to investigate thoroughly the conditions of nonlinear localization of vibrations with all possible symmetries and for all possible types of anharmonicity ͑soft and hard͒ and compare then these findings with the experiments on the redshift of the X -H frequency. Thus, the first question that immediately arises is whether or not a soft anharmonicity in the ␤-FPU model indeed results in only softening the X -H vibrations. In other words, it should be proven rigorously, using modern mathematical tools on the breather's stability, whether there exist dynamically stable localized oscillations, which bifurcate down into the frequency gap beginning from the optical band, and if this occurs, to indicate what symmetry of the oscillations is responsible for this frequency shift. The next interesting question is to examine whether or not the ͑nonre-alistic͒ hard anharmonicity can participate in softening the X -H stretching vibrations. As a result of such a theoretical analysis, one can finally assert with certainty that only one from the four possible DGB's modes ''survives.'' Its localized oscillations are proven to be symmetric and centered at a light particle ͑proton͒ in the middle of an X•••X bridge.
It should also be noticed that the hydrogen bonding is structurally directional and therefore except for translational motions of HB protons there are also rotations of the X -H bonds. Therefore, similarly to the existence of two types of topological solitons, i.e., extended ionic and bonding ͑Bjer-rum͒ defects ͓42͔, which are related to the translational and rotational motions, respectively, two types of DBs can be distinguished in HB networks. Here we are dealing with the translational degrees of freedom in the HB chain. The existence and stability of orientational DBs in a HB chain has recently been studied by Khalack and Velgakis ͓43͔, using the AC approach.
The paper is organized as follows. In Sec. II, we introduce the model and governing equations of motion adapted for the studies, using a continuation from the anticontinuous limit. The phonon spectrum and the relation between the localization length and the gap frequency for exponentially decaying breather solutions are presented in Sec. III. The next section is devoted to an analytical analysis of all possible DGB solutions, using both the approximations: LAA and RWA. In Sec. V, we omit both the approximations and study the DGB solutions for the diatomic ␤-FPU chain, using a continuation from the AC limit. Finally, in Sec. VI, we draw conclusions and make an outlook.
II. MODIFIED EQUATIONS OF MOTION WITH A FICTITIOUS ON-SITE POTENTIAL
The system we study is a diatomic FPU chain with a symmetric interparticle coupling. More precisely, it is supposed that in each unit cell there exists a heavy atom ͑e.g., an oxygen atom with mass M ϭ16) and a light atom ͑e.g., a hydrogen atom with mass mϭ1). Each atom is considered to interact only with its nearest neighbors through an anharmonic potential W(r), where r is the relative displacement between adjacent heavy and light atoms in the chain. We consider two qualitatively different potentials W(r), one being soft, while the other being hard.
For numerical calculations of breather states, it is essential to introduce in our system the AC limit. To this end, the nonlinear intersite potential W(r) is multiplied by a parameter , whereas each chain particle is subject to an additional on-site potential multiplied by some other parameter . Then the AC limit is obtained if ϭ0 and ϭ1, while the original system we want to study corresponds to ϭ1 and ϭ0. The continuation from the trivial solution found in the AC limit can be implemented along any path in the twoparameter set (,)͓0,1͔ϫ͓0,1͔ that connects the points ͑1,0͒ and ͑0,1͒. The Hamiltonian of such a modified system takes the form
where the summation is over all the unit cells of the lattice and Q n and q n are the displacements of the heavy and light atoms in the nth cell of the chain from their equilibria, respectively. These displacements are labeled according to the sequence ͕ . . . ,Q nϪ1 ,q nϪ1 ,Q n ,q n ,Q nϩ1 ,q nϩ1 , . . . ͖. In fact, only one parameter, the mass ratio M /m is characteristic for the dynamics. Nevertheless, throughout this paper we keep the symmetric notations for the masses, i.e., M and m.
In numerical simulations, we will fix mϭ1. For simplicity of analytical calculations, we restrict ourselves in this paper to the symmetric potential W(r), namely,
where the anharmonicity parameter ␤ may be either positive ͑hard anharmonicity͒ or negative ͑soft anharmonicity͒.
In the simplest case, one can choose in the parameter set ͓0,1͔ϫ͓0,1͔ the straight line ϭ1Ϫ, so that the modified equations of motion that correspond to the Hamiltonian ͑1͒ become
These equations describe the diatomic FPU chain in the AC limit if →0, whereas the original form of the system is obtained in the limit →1.
III. DISPERSION LAWS FOR PHONONS AND DISCRETE BREATHERS
The phonon dispersion relation of a nonlinear lattice can be found if the corresponding equations of motion are linearized. Since we deal with a diatomic chain, the phonon spectrum of such a system, which can be calculated analytically, consists in general of two bands: the acoustic one with the frequencies lying between 1 and 2 , and the optical one with the frequencies lying between 3 and 4 , so that the edge frequencies for these bands are arranged as 0р 1 Ͻ 2 Ͻ 3 Ͻ 4 . We call 2 and 3 the lower and the upper edges of the phonon band gap, respectively. In the case if the diatomic chain is isolated from any substrate ͑on-site͒ potential, 1 ϭ0.
A necessary condition for the breather to exist is to avoid resonances with the phonons, meaning that the breather frequency and all its higher harmonics must lie outside the phonon bands. A continuation of the breather from the AC limit can be performed only if in every continuation step, the breather frequency fulfills this condition. To find a valid continuation path, it is necessary to have the phonon dispersion law for each . The corresponding linearized version of Eqs. ͑3͒ is given by
Substituting the linear waves Q n ϭAexp͓i(knϪt)͔ and q n ϭaexp͓i(knϪt)͔, with k͓0,͔ being the wave vector and the phonon frequency, into the linear equations of motion ͑4͒, one can find a phonon dispersion law. As a result, the frequencies of the acoustic and optical bands as functions of the parameter are given by 2 ͑ k; ͒ϭ 1ϩ
͑5͒
where the sign ''Ϫ'' ͑''ϩ''͒ stands for the acoustic ͑optical͒ phonon band. We define the edges of these bands by 1,4 ͑ ͒ϵ͑ 0; ͒ and 2,3 ͑ ͒ϵ͑ ; ͒, ͑6͒
being functions of the parameter , where the subscripts ''1,2'' and ''3,4'' correspond to the signs ''-'' and ''ϩ.'' Besides these edges, we will also use a central gap frequency defined by 0 2 ϵ( 2 2 ϩ 3 2 )/2. On the whole interval 0р р1, we have the inequalities 0р 1 ()р 2 ()Ͻ 0 Ͻ 3 ()р 4 (). Next, we incorporate the notations for the gap middle and the band edges at ϭ1 according to ⍀ j ϵ j ͉ ϭ1 , with jϭ0,1,2,3, and 4. Then one can easily obtain from Eq. ͑5͒ the following values:
which will be used throughout this paper. The lower and upper edges of the acoustic and optical bands are shown in Fig. 1 by solid lines for the ratio mass M /mϭ16. At ϭ0, both the phonon bands merge into the two single points: 1 (0)ϭ 2 (0)ϭM Ϫ1/2 and 3 (0)
. Figure 1 also represents the three additional zones obtained from the optical band by its division by 2, 3, and 4. In order to avoid a resonance with the second harmonic, the breather frequency must lie outside the first zone bounded by the dashed lines that correspond to the lower and upper frequencies of the optical band divided by 2. Similarly, for the third harmonic, the frequency must lie outside the region bounded by the dotted lines that correspond to the lower and upper edges of the optical band divided by 3, whereas the dotted-dashed line represents the upper edge of the optical band divided by 4 ͑for the fourth harmonic͒. The fourth harmonic resonance region creates a thin zone lying very close to the acoustic phonon band from above, which is forbidden for the breather frequency and, due to the specific mass ratio M /mϭ16, the lower edge of the forbidden zone coincides with the upper edge of the acoustic band ͑see Fig. 1͒ . For each step in a continuation path ϭ(), it is essential for the gap frequency to lie outside the phonon bands, including the submultiples of the optical band. Thus, the frequency can lie within the gap between the optical and acoustic bands as long as its higher harmonics do not resonate with the phonons, or it can also be above the optical band. These restrictions are essential for the numerical continuation of a breather solution from the AC limit. There are many ways to get a given frequency outside the phonon bands in the limit →1, e.g., imposing in each step of the continuation procedure a constant distance of this frequency from a band edge.
For the localized modes, we impose an exponential decrease of the oscillation's amplitudes at n→Ϯϱ given by the exponential factor exp(Ϫ͉n͉/⌳)ϵ ͉n͉ , 0ϽϽ1, where ⌳ is a localization length. Since the linear waves at the frequency gap edges ͑i.e., at kϭ, where ϭ⍀ 2,3 ) become simply standing waves with out-of-phase oscillations in the neighboring lattice cells given by Q n ϭ(Ϫ1) n A cos(t) and q n ϭ(Ϫ1) n a cos(t), one can assume for the DGBs the following asymptotics:
as n→Ϯϱ. Here we have introduced the scaling constants ͑amplitudes͒ A Ϯ and a Ϯ , where the superscript ''ϩ'' stands for the right asymptotics (n→ϱ) and ''Ϫ'' for the left ones (n→Ϫϱ). In general, the right and the left asymptotics are different, depending where and how the breather is centered. Inserting the asymptotics ͑9͒ and ͑10͒ into the linear equations of motion ͑4͒, we get the set of four linear algebraic equations with respect to the constants A Ϯ and a Ϯ , from which immediately one finds ͑at ϭ1) the following two relations:
. ͑11͒
Here the last equality is the ''dispersion law'' for the gap breathers with exponentially decaying profile. The solution of this equation that depends on the parameter reads
where ''Ϫ'' ͑''ϩ''͒ stands for the lower ͑upper͒ branch of the curve ϭ(), with ⍀ 2 рр⍀ 0 (⍀ 0 рр⍀ 3 ), plotted in Fig. 2 . It is worthwhile to notice here that the imposed exponential behavior given by Eqs. ͑9͒ and ͑10͒ is also an approximation because the breather solutions of faster decrease are known at present ͓44͔. The solution ͑12͒ is valid for the localization lengths in the interval ͓ln(M/m)͔ Ϫ1 р⌳Ͻϱ. Note also the following asymptotics that follow from Eq. ͑12͒:
FIG. 1. Acoustic and optical phonon bands ͑bounded with solid lines͒, including the optical band divided by 2 ͑bounded with dashed lines͒, by 3 ͑bounded with dotted lines͒, and by 4 ͑bounded above with dotted-dashed line͒, plotted ͑in dimensionless units͒ as functions of the parameter for the diatomic lattice with the mass ratio M /mϭ16. Due to the specific value of the M /m ratio, the lower dotted-dashed line coincides with the upper edge of the acoustic band. Each of these quotient zones corresponds to breather frequencies, for which the second, third, and fourth harmonics enter the optical band. The frequencies ⍀ j 's, jϭ1,2,3,4, are defined by Eqs. ͑8͒.
at the lower and the upper gap edges, respectively. The inverse form of solution ͑12͒, which can be represented as
where ͓⍀ 2 ,⍀ 3 ͔, will also be useful below for analytical calculations.
IV. LOCAL ANHARMONICITY AND ROTATING WAVE APPROXIMATIONS
The basic property of a breather solution is its spatial localization, so that only central particles in the localization region oscillate with large amplitudes, whereas the rest of the chain can be considered as linearly coupled small-amplitude oscillators. Therefore the first approximation to calculate the breather analytically is to neglect the anharmonic term in the interaction potential, except for the interaction of the central particles of the breather with its nearest neighbors. We call this approach, which is associated with the exponential ansatz given by Eqs. ͑9͒ and ͑10͒, the LAA. As a second approximation, we use for analytical calculations the well known RWA. Since we deal with potential ͑2͒, according to RWA, for the central particles of a breather ansatz in the equations of motion ͑3͒, we will make the approximate substitution: cos 3 (t)→(3/4)cos(t). The present section deals only with the original system, when ϭ1. In the LAA approach, the system of the nonlinear equations of motion ͓Eqs. ͑3͒ with ϭ1] for the central particles is completed by the exponentially decaying solution, being an exact solution to the linear equations ͑4͒ and given by Eqs. ͑9͒-͑11͒, where is given by Eq. ͑14͒. Therefore below we will need to solve the nonlinear equations for the central particles of the breather centered either at a light particle or at a heavy particle, with symmetric and antisymmetric profile ͑using RWA͒, accompanying a resulting solution in each case with the linear solution given by Eqs. ͑9͒-͑11͒.
The following four cases of breather symmetries are possible: the breather with symmetric or antisymmetric profile is centered either at a light particle or at a heavy particle. We call each of these patterns LS and HS ͑when the breather with symmetric profile is centered at a light and a heavy particle, respectively͒ and LA and HA ͑when the breather with antisymmetric profile is centered at a light and a heavy particle, respectively͒. Below we will consider each of these cases separately.
A. Light-particle symmetric mode: LS pattern
The LS mode describes the breather with symmetric profile centered at a light particle, for instance, at the site with nϭ0. Then this particle can be assumed to oscillate with some breather frequency and a certain amplitude a 0 , both to be determined from the equations of motion for the central particle and its two adjacent heavy particles. The other light particles are assumed to oscillate symmetrically with the same frequency , so that we suppose in Eq. ͑10͒ the symmetry q Ϫn ϭq n for all nϭϮ1,Ϯ2, . . . . It follows then from these conditions that in Eq. ͑10͒ one can put a Ϫ ϭa ϩ ϵa. Using this symmetry property in Eqs. ͑11͒, one finds from Eq. ͑9͒ the relation A ϩ ϭϪA Ϫ ϵA that determines the symmetry in oscillations of the heavy particles. As a result, the LS breather ansatz can entirely be written as follows: 
͑16͒
In this sequence, the semicolons separate symmetrically the ''central pattern cell'' ͑consisting of a light particle and its two heavy neighbors͒ and the ''lateral pattern cells'' ͑each consisting of a light and a heavy particle, similarly to a unit cell in a diatomic chain͒. Note that the amplitudes in each subsequent ͑more remote from the center͒ lateral pattern cell are obtained from the amplitudes in the previous one by multiplying the latter ones by the factor Ϫ. Next, we assume in Eqs. ͑3͒ with ϭ1, that only the central particle ͑with the coordinate q 0 ) oscillates with a large amplitude a 0 . In other words, we suppose that the quar- tic anharmonicity ͓in potential ͑2͔͒ exists only in the coupling between the central particles and its adjacent left and right heavy particles with Q 0 and Q 1 ͑using the LAA approach͒. The equations of motion for the central particle ͑situated at the site with nϭ0) and one of its lateral heavy particles, e.g., Q 0 ͓due to the pattern symmetry, Q 0 ϭQ 1 ϭ ϪA cos(t) and q Ϫ1 ϭq 1 ϭϪa cos(t)], can be written using RWA as
The last two equations together with the pair of Eqs. ͑11͒ specified for the LS case as
determine the four parameters: the amplitude of the central light particle a 0 , the ''amplitude scalings'' in the heavy and light sublattices A and a, respectively, and the localization factor , as functions of the breather frequency from the gap interval ⍀ 2 ϽϽ⍀ 3 . In order to treat the breather solution to Eqs. ͑17͒ and ͑18͒ analytically, we may assume that only the central light particle oscillates with large amplitude, whereas the amplitudes of the lateral heavy particles are small, so that they can be linearized. As a result, from Eqs. ͑17͒ and ͑18͒ one finds approximately the solution for the amplitude of the central light particle a 0 in the form
and the relation between the amplitudes of the heavy particles and that of the central one:
The expression in the square brackets of Eq. ͑19͒ appears to be negative for all the gap frequencies ͓⍀ 2 ,⍀ 3 ͔ given by Eqs. ͑8͒. This means that the LS pattern can exist only if ␤Ͻ0 ͑soft anharmonicity͒. Thus, the analytical solution for the LS mode as a function of the gap frequency is given by Eqs. ͑18͒-͑20͒. More precisely, Eq. ͑19͒ determines uniquely the function a 0 ϭa 0 (), and inserting next this function into Eq. ͑20͒, one finds the amplitude AϭA(). Finally, using the function A() in any of the two equations ͑18͒, the third amplitude aϭa() is easily obtained. Furthermore, all the three amplitudes a 0 , A, and a as functions of frequency appear to be well defined on the whole interval ⍀ 2 Ͻ Ͻ⍀ 3 .
Using the asymptotics ͑13͒, one can find from Eqs. ͑18͒-͑20͒ the asymptotic behavior of the amplitudes a 0 , A, and a, as →1 ͑i.e., when the localization length ⌳→ϱ), approaching both the phonon bands. As a result, we obtain
͑21͒
as →1 at the lower gap edge (→⍀ 2 ), and
͑22͒
as →1 at the upper gap edge (→⍀ 3 ). The LS solution given by Eqs. ͑18͒-͑20͒ is also simplified at the frequency ϭ⍀ 0 ͓see Eqs. ͑8͔͒, where ϭm/M . As a result, the LS solution at this frequency is given by the pattern ͑16͒, with
Finally, from the comparison of the asymptotic behavior of the breather solution given by Eqs. ͑21͒ and ͑22͒ as →1 at the lower and upper gap edges, we find that the LS breather mode bifurcates from the optical band. Indeed, the lower edge of the optical phonon band corresponds to the standing linear waves when the heavy particles are at rest and the light particles oscillate out of phase with the same amplitude. This phonon mode is obtained in the limit →1 from Eqs. ͑22͒, where the amplitude A tends to zero faster than the amplitude a, and in the meantime, a 0 →a. In other words, the local ͑impuritylike͒ negative anharmonicity causes the localization of the out-of-phase oscillations of the light particles, which in its turn results in the appearance of the localized out-of-phase oscillations of the heavy particles of the diatomic chain. Mathematically, in pattern ͑16͒, for all the frequencies from the gap interval ⍀ 2 ϽϽ⍀ 3 , we have the inequalities: AϾ0 and aϾ0 if a 0 Ͼ0. In spite of the LS breather solution, which is given by Eqs. ͑14͒-͑16͒ and ͑18͒-͑20͒, being obtained by using two approximations ͑LAA and RWA͒, it appears to be in a good agreement with the numerically exact solution obtained below from the AC limit when solving the equations of motion ͑3͒. The comparison of these solutions is demonstrated by Fig. 3 for two values of the breather frequency . As intuitively expected, the local anharmonicity approximation should ''localize'' a litle bit the influence of anharmonicity, making it effectively stronger. This is why the amplitudes Q n 's and q n 's obtained within this approximation appear o be a bit higher than the corresponding exact values.
B. Heavy-particle symmetric mode: HS pattern
In the case of the HS mode, the breather is centered at a heavy ion, e.g., at the site with nϭ0, so that Q 0 is supposed to perform large-amplitude oscillations with frequency from the gap. The rest of the heavy particles of the chain are assumed to oscillate symmetrically with the same frequency: Q Ϫn ϭQ n for all nϭϮ1,Ϯ2, . . . . Therefore we impose in Eq. ͑9͒ that A Ϫ ϭA ϩ ϵA, and using this property as well as Eq. ͑10͒, one finds from Eqs. ͑11͒ the relation a ϩ ϭϪa Ϫ ϵa. Let A 0 be the amplitude of oscillations of the central heavy particle. Then, Eqs. ͑9͒ and ͑10͒ are reduced to the following ansatz for the HS pattern: where the semicolons separate symmetrically the central and the lateral pattern cells in a similar manner as in the pattern sequence ͑16͒. It follows from the comparison of the patterns ͑16͒ and ͑25͒ that all the analytical results for the HS mode can directly be obtained from the preceding subsection by the substitution a 0 →A 0 , A→Ϫa, a→A, M ↔m in the LS solution ͑18͒-͑20͒. As a result, instead of Eqs. ͑17͒ and ͑18͒, one obtains the system
Similarly, linearizing Eqs. ͑26͒ and ͑27͒ with respect to a, one finds from Eqs. ͑26͒-͑28͒ the following relations:
The HS mode is expected to bifurcate from the acoustic phonon band, when the light particles are at rest and the heavy particles oscillate out of phase. Similarly, as for the LS mode, one finds the asymptotics
͑31͒
as →1 at the lower gap edge ⍀ 2 ͓compare Eqs. ͑22͒ and ͑31͔͒. It follows from the asymptotic behavior for the amplitude A 0 as →1 that ␤ must be positive ͑hard anharmonicity͒. However, contrary to the LS case ͓see Eq. ͑19͔͒, the expression in the square brackets of Eq. ͑29͒ retains its ͑posi-tive͒ sign only nearby the lower branch of curve ͑12͒. Therefore the HS breather solution, for which aϾ0 and AϾ0 if A 0 Ͼ0, exists only if it is not strongly localized, in some interval ⍀ 2 ϽϽ c,hs , where the critical frequency c,hs is defined from zero equality of the denominator in the right hand side of Eq. ͑29͒. Thus, in the case of ␤ϭ1, M ϭ16, and mϭ1, we have c,hs ϭ0.3692. In fact, as calculated below exactly from the AC limit, the HS pattern exists for higher frequencies, e.g., for ϭ0.38 and ϭ0.45, as illustrated by Fig. 4 . The reason of this discrepancy is the same as above decribed for the LS pattern: due to the effective strengthening of anharmonicity, the interval of available breather frequencies determined approximately by Eq. ͑29͒ becomes a bit narrower and, as a result, both the frequencies ϭ0.38 and ϭ0.45 appear outside this ͑approxi-mate͒ interval.
C. Light-particle antisymmetric mode: LA pattern
For the LA mode, a light particle ͑situated, e.g., at the site nϭ0) is fixed (q 0 ϵ0), whereas the rest of the light particles of the chain are allowed to oscillate antisymmetrically: q Ϫn ϭϪq n for all nϭϮ1,Ϯ2, . . . . Therefore one may put in Eq. ͑10͒ that a Ϫ ϭϪa ϩ ϵa. Using then Eqs. ͑9͒ and ͑11͒, one finds that A ϩ ϭϪA/ with ϪA Ϫ ϵA. Next, we assume that the two central heavy particles perform out-of-phase large-amplitude oscillations: Q 0 ϭϪQ 1 . More precisely, the LA ansatz can be written as follows: 
͑33͒
In this sequence, the semicolons separate the central ͑anti-symmetric͒ pattern cell ͑consisting of a standing central light particle and its four lateral neighbors͒ and the lateral pattern cells ͑each consisting of a light and a heavy particle͒. Here the separation by semicolons has been arranged in a similar way as for the symmetric patterns, so that the amplitudes in each subsequent ͑more remote from the center͒ pattern cell are obtained from the amplitudes in the previous one by multiplying the latter ones by the factor Ϫ. Contrary to sequences ͑16͒ and ͑25͒, where the left and the right ''wings'' of the LS and the HS patterns oscillate symmetrically, here all the particles from the right and from the left of the central standing particle oscillate antisymmetrically. Similarly to the symmetric modes studied in the previous two subsections, the approximate equations of motion for the two adjacent ͑heavy and light͒ particles ͓for the variables Q 1 and ͑linearized͒ q 1 ] take the form 
It is also found that the amplitude ratio is
Since at the upper edge of the acoustic band all the heavy particles oscillate out of phase and the light particles are at rest, the LA mode ͑for which all the heavy particles have been assumed above to perform out-of-phase oscillations͒ bifurcates from the lower edge of the phonon gap. At the beginning of curve ͑12͒, where →1 and therefore P →2(M Ϫm)/(1Ϫ)M →ϱ, being positive, we find from Eq. ͑36͒ that ␤A 0 2 must be positive, near this edge. Therefore the LA mode can exist only if ␤Ͼ0 ͑hard anharmonicity͒. More precisely, we find the following asymptotics:
͑39͒
as →1, approaching the lower gap edge. As follows from these asymptotics and sequence ͑33͒, as →⍀ 2 , the amplitudes of the out-of-phase oscillations of the heavy particles are ''equalized'' (A 0 →A), while the amplitude of the light particles a tends to zero faster than the amplitude of the heavy particles A. The LA solution given by Eqs. ͑35͒-͑37͒ is essentially simplified at ϭ⍀ 0 ͓see Eqs. ͑8͔͒, where ϭm/M . Indeed, the ͑positive͒ solution of Eq. ͑36͒ is A 0 2 ϭ4M /3␤m and then from Eqs. ͑35͒ and ͑38͒ we obtain a ϭM (M ϩm)A 0 /m(3M ϩm) and Aϭ(M ϩm)A 0 /(3M ϩm).
As regards the behavior of the amplitudes A 0 , a, and A on the whole frequency interval ⍀ 2 ϽϽ⍀ 3 , we conclude immediately from Eqs. ͑35͒ that the signs of A and a are the same everywhere in this interval. The amplitude of the central particles A 0 is given by the solution of the quadratic equation ͑36͒ with respect to ␤A 0 2 , which must be positive:
FIG. 4. The HS pattern as an exact breather solution of the equations of motion ͑3͒ for hard interaction ͑2͒ with ␤ϭ1 and mass ratio M /mϭ16, obtained from the anticontinuous limit. Smaller ͑bigger͒ circles or squares correspond to light ͑heavy͒ particles. The amplitudes Q n 's and q n 's for breather frequencies ϭ0.38 ͑shown by circles connected with solid lines͒ and ϭ0.45 ͑shown by squares connected with dashed lines͒ are plotted in dimensionless units.
where the sign ''Ϫ'' stands for PϾ0 and ''ϩ'' for PϽ0, and ␤A 0 2 ϭ4/3ͱ3 if Pϭ0. The solution ͑40͒ monotonically increases from zero to a finite value, while running along curve ͑12͒, starting at the lower gap edge and ending at the upper one, and being positive everywhere. Using solution ͑40͒, first in Eq. ͑38͒ and then in any of Eqs. ͑35͒, we find the other amplitudes a and A. Therefore, the LA breather solution is shown to exist for all gap frequencies and no sign changes occur within the whole gap interval: aϾ0 and AϾ0 if A 0 Ͼ0. For two breather frequencies, the approximate LA breather solution ͓given by the four equations ͑35͒-͑38͒ together with Eqs. ͑14͒ and ͑32͒ or ͑33͔͒ is compared in Fig. 5 with the corresponding numerically exact solution obtained below from the AC limit by solving the equations of motion ͑3͒. In this case, the approximate solution is not so close to the exact solution as in the case of the LS pattern ͑compare with Fig. 3͒ , but their qualitative agreement is still satisfactory. Note that the results obtained here for the LA mode agree ͑also qualitatively͒ with those found previously by Chubykalo and Kivshar ͓15͔.
D. Heavy-particle antisymmetric mode: HA pattern
For the HA pattern, a heavy particle of the chain is assumed to be fixed ͑e.g., at the site with nϭ0, so that Q 0 ϵ0) and the rest of the heavy particles are imposed to oscillate antisymmetrically, i.e., in Eq. ͑9͒ we assume that Q Ϫn ϭϪQ n . Then we may put A ϩ ϭϪA Ϫ ϵA. Using next Eq. ͑10͒, from Eqs. ͑11͒ we get a Ϫ ϭa/, aϵa ϩ . Finally, we also impose the antisymmetry property for the largeamplitude oscillations of the two central light particles, assuming that q 0 ϭϪq Ϫ1 . Summarizing these assumptions, Eqs. ͑9͒ and ͑10͒ can be written as the following ansatz: 
where the separation with semicolons has been arranged similarly to the LA sequence ͑33͒. One can conclude from the comparison of the sequences ͑33͒ and ͑42͒ that all the results for the HA mode can directly be obtained from the preceding subsection by the substitution A 0 →a 0 , a→ϪA, A→a, and m↔M in the LA solution given by Eqs. ͑35͒-͑38͒. As a result, the corresponding relations take the form
where p is defined by
According to ansatz ͑41͒, all the light particles of the chain are supposed to perform out-of-phase oscillations. Since at the lower edge of the optical band, all the light particles oscillate out of phase and all the heavy particles are standing, the HA breather bifurcates from the upper edge of the phonon gap. At the beginning of the upper branch of curve ͑12͒ ͑as →1), p→2(mϪM )/(1Ϫ)m→Ϫϱ ͓see Eq. ͑46͔͒, being negative. Then, as follows from Eq. ͑44͒, ␤a 0 2 must tend to zero, being negative. Therefore the anharmonicity must be soft (␤Ͻ0). More precisely, we find from Eqs. ͑43͒-͑46͒ the following asymptotics:
͑47͒
as →1 along the upper branch of curve ͑12͒. Since 2/M Ͻ 2 Ͻ2/m, it follows from Eqs. ͑43͒ that the signs of the amplitudes A and a are the same. Therefore in the vicinity of FIG. 5 . The LA pattern obtained both analytically and numerically for hard interaction ͑2͒ with ␤ϭ1 and mass ratio M /mϭ16, and plotted in dimensionless units for two breather frequencies ( ϭ0.51 and ϭ0.63). For frequency ϭ0.51, the amplitudes Q n 's (q n 's͒ calculated numerically from the anticontinuous limit ͓solving the equations of motion ͑3͔͒ are shown by big ͑small͒ circles connected with solid lines, whereas for frequency ϭ0.63, these are shown by squares connected with dashed lines. Accordingly, the analytical solution given by Eqs. ͑14͒, ͑32͒, ͑33͒, ͑35͒-͑38͒ is represented by diamonds (ϭ0.51) and stars (ϭ0.63) connected with dotted lines.
the upper gap edge, we have the inequalities AϾ0 and a Ͼ0 if a 0 Ͼ0; in fact, they can be continued on the whole curve ͑12͒. Indeed, the solution of the quadratic equation ͑44͒ for the soft anharmonicity (␤Ͻ0) is given by ␤a 0 2 ϭϪ 4 9 p͑1Ϯͱ1ϩ3/p 2 ͒, ͑48͒
where the sign ''ϩ'' stands for pϾ0 and ''Ϫ'' for pϽ0, and ␤a 0 2 ϭϪ4/3ͱ3 if pϭ0. The solution ͑48͒ monotonically increases ͑in modulus͒ from zero to a finite value, while running along curve ͑12͒, starting at the upper gap edge and ending at the lower one. Similarly to the LS pattern, the approximate solution given by Eqs. ͑41͒-͑46͒ together with relation ͑14͒ is found to be in the same good agreement with the numerically exact solution obtained below from the AC limit and this is illustrated by Fig. 6. 
V. EXACT NUMERICS
So far, to treat the gap breather solutions in the diatomic chain, we have used the two approximations ͑LAA and RWA͒, and therefore we were able to get the analytical solutions for all possible symmetries in a very simple form. In this section, we will treat rigorously these breather solutions, omitting both these approximations, and study their stability using the Floquet analysis. In other words, using the approach based on the idea of the AC limit, we will calculate numerically the gap breather solutions of the original complete equations of motion ͑3͒. To this end, we choose some initial condition, starting with ϭ0, solve these equations numerically using the Newton method, and then continue this procedure up to the value ϭ1. The continuation must proceed in a path ͓on the (,) plane͔, which avoids all the resonances of the breather frequency and its higher harmonics with the phonon bands.
More precisely, for the numerical construction of DBs and the investigation of their stability, we define a vector X ជ ϭ͕Q 1 ,q 1 ,•••,Q N ,q N ;Q 1 ,q 1 ,•••,Q N ,q N ͖ † , which contains the position and the velocity of every particle in the lattice ͑for the numerical calculation we assume a finite lattice with N unit cells͒. We also define the nonlinear map T that corresponds to the time evolution of the vector X ជ for one breather period t B . A breather solution X ជ B will correspond to a fixed point of this map ͓X ជ B (tϭt B )ϭT"X ជ B (tϭ0)…͔. Assuming then that we know a vector X ជ , which is close to the breather solution to be found (X ជ B ϭX ជ ϩ⌬ ជ , where ⌬ ជ is a vector with small magnitude͒ and substituting it into the previous equation, it is possible to calculate a numerically exact breather solution by solving the equation (MϪI)•⌬ ជ ϭX ជ ϪT(X ជ ), where M is the tangent map of T or the Floquet matrix of the system and I is the unit matrix. This equation can be solved either by minimization or using the singular value decomposition. The Floquet matrix can be calculated numerically, integrating the linearized equations of motion for a small perturbation ⑀ ជ over one breather period t B , ⑀ ជ (t ϭt B )ϭM•⑀ ជ (tϭ0). The linear stability of the breather solution depends on the eigenvalues of the Floquet matrix; if one or more eigenvalues have magnitude larger than 1, then a small perturbation of the solution will grow exponentially in time and the solution will be linearly unstable. Since the Floquet matrix is symplectic ͑if is an eigenvalue, then 1/, *, and 1/* are also eigenvalues͒, a breather is stable only if all the eigenvalues of the Floquet matrix lie on the unit circle ͑in the complex plane͒. A linearly unstable breather in a real system will be destroyed in short time due to the interactions with the environment, while a stable breather can be created spontaneously during energy relaxation, and as soon as it is created, it will have a very long lifetime. More information related to the Newton method and the stability analysis can be found in Refs. ͓34 -36͔.
The continuation from the AC limit (→0) is performed in the path ͓in the (,) space͔, which avoids all the resonances of the breather frequency or its higher harmonics with the optical phonon band. For each step, we increase by a small quantity ⌬ and then calculate the phonon frequencies from Eq. ͑5͒. If there is a resonance, we modify the breather frequency by a small quantity, in order to avoid the resonance. Then, for these specific values of and , we calculate numerically the exact breather profile, using the standard Newton-Raphson method. For the next step, we increase and proceed in the same way. Below we present the results of these numerical calculations for all the four ͑LS, HS, LA, HA͒ patterns.
Thus, for the soft interaction potential ͓with ␤ϭϪ1 in Eq. ͑2͔͒, both the symmetric and antisymmetric modes can be found. For the symmetric mode with a light particle at the FIG. 6 . The HA pattern obtained both analytically and numerically for soft interaction ͑2͒ with ␤ϭϪ1 and mass ratio M /m ϭ16, and plotted in dimensionless units for two breather frequencies (ϭ0.74 and ϭ1.40). For frequency ϭ1.40, the amplitudes Q n 's (q n 's͒ calculated numerically from the anticontinuous limit ͓solving the equations of motion ͑3͔͒ are shown by big ͑small͒ circles connected with solid lines, whereas for frequency ϭ0.74, these are shown by squares connected with dashed lines. Accordingly, the analytical solution given by Eqs. ͑14͒ and ͑41͒-͑46͒ is represented by diamonds (ϭ1.40) and stars (ϭ0.74) connected with dotted lines.
center ͑LS pattern͒, the initial condition for the AC limit is chosen in the way when all the light and heavy particles of the chain are assumed to be at rest, except for one of the light particles, oscillating with some frequency within the gap. For the antisymmetric mode with a heavy particle fixed ͑HA pattern͒, the initial condition is chosen in the way, when all the particles are supposed to stay at rest, except for two neighboring ͑in the light sublattice͒ particles, oscillating out of phase with some frequency within the gap. This mode is a multibreather with a heavy particle at rest ͑in the center of the multibreather͒ and with its nearest-neighbor light particles, oscillating out of phase.
Using the Newton method, both the LS and HA modes can be found from the AC limit for all the gap frequencies (⍀ 2 ϽϽ⍀ 3 ). Note, when the particle masses are mϭ1 and M ϭ16, we have the following values for the edges of the phonon bands: ⍀ 1 ϭ0 ͑the lower edge of the acoustic band͒, ⍀ 2 ϭ0.3536 ͑the upper edge of the acoustic band͒, ⍀ 3 ϭ1.4142 ͑the lower edge of the optical band͒, and ⍀ 4 ϭ1.4577 ͑the upper edge of the optical band͒. In Fig. 3 , the amplitudes Q n 's and q n 's of the LS pattern are plotted for the two different frequencies, one of which is situated close to the optical band from below, while for the other frequency, the second harmonic appears to be close to the optical band, but from above. The Floquet stability analysis ͓see Fig. 7 with eigenvalues plotted there͔ shows that the LS mode is stable for frequencies sufficiently close to the optical band from below, and unstable when one of the harmonics appears sufficiently close to the optical band, but above it. The pair of Floquet eigenvalues merge into 1 on the unit circle as the frequency decreases ͑within the gap͒, beginning from the upper gap edge ⍀ 3 , and for a certain value, the eigenvalues collide at 1 and escape on the real axis, making the LS mode unstable. More precisely, for the mass ratio M /mϭ16, there exists a critical frequency, at which the breather changes its stability. The collision of the Floquet eigenvalues on the unit circle occurs at the critical frequency c,ls ϭ0.9627: for breather frequencies higher than this critical value, the LS breather is stable, while for frequencies lower than the critical frequency, the LS breather is unstable. The critical velocity c,ls is very close to the minimum of the curve () shown in Fig. 2 . Figure 4 represents the HS pattern for two different frequencies. The first frequency lies in the gap close to the acoustic band, whereas the second one has its third harmonic, also lying in the gap, but close to the optical band. The Floquet stability analysis shows that the HS mode is unstable for each frequency within the gap. In fact, as demonstrated analytically in Sec. IV B, the interval of admissible frequencies for the HS solution is ⍀ 2 ϽϽ c,hs Ͻ⍀ 0 , where c,hs is a critical value. As follows from the expression in the square brackets of Eq. ͑29͒, this frequency interval increases with decreasing the mass ratio M /m. Since this ratio has an integer square root equal to 4, when the frequency belongs to a thin region close to the acoustic band from above, the fourth harmonic resonates with the optical band. To avoid this resonance, we studied the case with a smaller mass ratio, namely, M /mϭ2.5. For this case, when the breather frequency is in the gap, all its harmonics are situated above the optical band, and therefore we avoid the resonances. The stability analysis for this mass ratio shows that the breather is stable only when its frequency is sufficiently close to the acoustic band. For larger frequencies, the breather becomes unstable. The critical frequency, at which the instability occurs, is ϭ0.9492, while the upper edge of the acoustic band corresponds to frequency 0.8944, so that the width of the frequency interval, where the HS breathers are stable ͑if M /mϭ2.5), is 0.0548. Figure 5 represents the LA pattern also for two different frequencies and the same masses M ϭ16 and mϭ1. In general, for any mass ratio M /mϾ1, it can be found that the LA mode is stable if its frequency is sufficiently close to the acoustic band or one of its harmonics appears to lie close to the optical band being above it, and unstable if the frequency or one of its harmonics is sufficiently close to the optical band, but below it. Thus, for the mass ratio M /mϭ2.5, the stability analysis shows that there exists a critical frequency within the gap, namely, ϭ1.1, such that for all the gap frequencies larger than this value, the LA mode is unstable, whereas for all the frequencies less than this value, this mode is stable. Figure 6 represents the HA pattern for the same frequencies as for the LS mode. This mode appears to be unstable for all the gap frequencies: the number of the Floquet eigenvalues that lie outside the unit circle exceeds 1. The symmetric and antisymmetric modes can also be found for potential ͑2͒ with hard anharmonicity, using in the same way the Newton method and the AC limit. Similarly, in this case, the symmetric mode ͑HS pattern͒ is centered on a heavy particle. The initial condition for the AC limit for this mode is chosen as follows: all the light and heavy particles are supposed to be at rest, except for one heavy particle, oscillating with some frequency within the gap. For the antisymmetric mode with a light particle fixed ͑LA pattern͒, the initial condition is chosen in the similar manner: all the particles of chain are at rest, except for two nearest-neighbor particles in the heavy sublattice, oscillating out of phase with some frequency within the gap. 
VI. SUMMARY
We have examined the existence and stability of discrete breathers in an isolated diatomic chain of alternating masses coupled through potential ͑2͒ with quartic ͑soft or hard͒ anharmonicity. This chain is also called the diatomic ␤-FPU chain. The study has been performed both analytically and numerically, and restricted to the breather solutions with frequency within the gap between the acoustic and optical phonon bands. The analytical investigation has been implemented, using the two approaches: LAA and RWA. The exact breather solutions have been obtained numerically, using the AC limit. In order to apply the AC limit, the standard equations of motion for the nonlinear diatomic chain have been rewritten in terms of the parameter ͓0,1͔, in such a way ͓see Eqs. ͑3͔͒ that at ϭ0 the chain becomes a system of decoupled nonlinear oscillators, while in the limit →1, this decoupling is gradually removed, restoring the original ͑realistic͒ form of the chain.
For localized solutions, the LAA approach is motivated by the fact that, except for one, two, or several particles located in the center of a breather, the rest of the chain can be considered as a system of linear oscillators, admitting an exact solution with exponential behavior. The second approximation ͑RWA͒ allows us to solve analytically the nonlinear equations of motion for the central particles ͑where the breather is supposed to be localized͒ and represent the solution in simple terms. This representation is important from the point of view of the analysis of the existence of all possible types of breather solutions with given soft or hard anharmonicity in potential ͑2͒. Thus, using the structure of the phonon modes at the upper edge of the acoustic band ͑light masses are at rest, while heavy masses oscillate out of phase͒ and the lower edge of the optical band ͑heavy masses are at rest, while light masses oscillate out of phase͒, we are able to derive the four ansätze that correspond to all possible symmetries of the breather patterns, with Sievers-Takeno-like symmetric ͓3͔ and Page-like antisymmetric ͓4͔ profiles in each ͑light and heavy͒ sublattice. As a result, we have obtained simple algebraic expressions in terms of a finite number of amplitude parameters. The minimal number of these amplitudes for any type of breather solutions, LS, HS, LA, or HA is three: a 0 or A 0 , a, and A. These three amplitudes together with the parameter satisfy in each case the system of four algebraic equations: Eqs. ͑18͒-͑20͒ for the LS mode, Eqs. ͑28͒-͑30͒ for the HS mode, Eqs. ͑35͒-͑38͒ for the LA mode, and Eqs. ͑43͒-͑46͒ for the HA mode. As illustrated in Figs. 3, 5, and 6, the agreement of these analytically approximate breather solutions with the corresponding numerically exact solutions found from the AC limit by solving the equations of motion ͑3͒ appears to be relatively good. Here the analytical values for the amplitudes Q n 's and q n 's are higher than their corresponding exact values. This is because the local anharmonicity approximation effectively strengthens the influence of anharmonicity, making it effectively stronger and resulting in strengthening the localization.
In each case ͑soft or hard anharmonicity͒, two, instead of four, breather solutions have been shown to exist ͑analyti-cally and confirmed numerically͒: LS and HA for soft anharmonicity, and HS and LA for hard anharmonicity. Three of these modes ͑LS, LA, and HA͒ exist for any frequency in the gap, while the HS mode can exist only near the lower gap edge. All these results are qualitatively summarized in Table  I . Since the hydrogen bonding has a soft anharmonicity, it follows from this table that only the LS pattern is appropriate. This pattern describes the infrared shift of vibrational spectra observed in numerous experiments.
As follows from the breather solutions plotted in Figs. 3-6, in each pattern cell ͓in the sequences ͑16͒, ͑25͒, ͑33͒, and ͑42͒, the pattern cells are separated with semicolons͔ of the LS and HA modes, the light and heavy particles oscillate being displaced in opposite directions, whereas these displacements occur in the same directions for the HS and LA breathers. This different dynamical behavior is because of inertia in high-frequency oscillating motion: it is easier for a light particle to follow a heavy one than vice versa.
The Floquet stability analysis of all these patterns has shown that when we avoid the nonresonance condition, only the HA mode is unstable for all the gap frequencies. This instability comes from the fact that the HA mode is a multibreather, centered at a heavy particle at rest, with its nearestneighbor light particles oscillating out of phase. In physical terms, the stability of the LA mode can be understood when its profile is compared with the stable Page mode ͓4͔ for a monoatomic chain: light masses are easily drawn into the oscillating motion and they do not perturb strongly the motion of heavy masses.
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